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Abstract
We introduce the equation of n-dimensional totally geodesic submanifolds of
E as a submanifold of the second order jet space of n-dimensional submanifolds of
E. Next we study the geometry of n-Grassmannian equivalent connections, that is
linear connections without torsion admitting the same equation of n-dimensional
totally geodesic submanifolds. We define the n-Grassmannian structure as the
equivalence class of such connections, recovering for n = 1 the case of theory of
projectively equivalent connections. By introducing the equation of parametrized
n-dimensional totally geodesic submanifolds as a submanifold of the second order
jet space of the trivial bundle on the space of parameters, we discover a relation of
covering, in the sense of [3, 16, 17, 18], between the ‘parametrized’ equation and
the ‘unparametrized’ one. After having studied symmetries of these equations,
we discuss the case in which the space of parameters is equal to Rn.
Keywords: jets spaces, equation of totally geodesic submanifolds, projectively
equivalent connections, Grassmann bundle, symmetries, coverings.
MSC 2000 classification: 58A20 (primary), 14M15, 53B10, 70S10.
1 Introduction
In the 1920’s Weyl introduced in [35] the notion of projectively equivalent connections,
that is torsion-free linear connections on a manifold E having the same geodesics as
paths, namely up to reparametrization. Locally, two such connections Γ and Γ′ are
related by
(1) ΓA
C
B − Γ
′
A
C
B = δ
C
AΦB + δ
C
BΦA.
where ΦA,ΦB ∈ C
∞(E). This approach was pursued by Eisenhart [7], Veblen [30] and
Thomas [28, 29]. He introduced, on an l-dimensional manifold with connection Γ, the
projective invariants
(2) ΠA
C
B = ΓA
C
B −
1
l + 1
(
ΓA
F
F δ
C
B + ΓB
F
F δ
C
A
)
,
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that is quantities which do not change for a connection which is projectively equivalent
to Γ. He called them collectively a projective connection.
In opposition with these mathematicians, Cartan in [4] approached the concept
of projective connection in a different way. He imagined to attach to every point
of a manifold a projective space of the same dimension, and he gave a rule to con-
nect the projective spaces corresponding to infinitesimally near points. He defined the
geodesics as curves whose “developments” are straight lines in the corresponding pro-
jective spaces. Then in [14] the authors gave a rigorous foundation of Cartan’s approach
and explained the relationships with the point of view of Thomas. They introduced the
projective structure on a manifold E as a particular subbundle of the second frame bun-
dle of E, and a projective symmetry as a diffeomorphism of E preserving the projective
structure. Then they regarded a projective connection as a particular connection on
the projective structure.
In this paper we approach the theory of projectively equivalent connections by using
jets of submanifolds (also known as manifold of higher contact elements) [20, 21, 22, 23,
31, 32, 33]. Roughly speaking, the r-jet space of n-dimensional submanifolds Jr(E, n)
of a given manifold E is the space of equivalence classes of n-dimensional submanifolds
of E having an r-th contact at a certain point. For instance, J0(E, n) = E and J1(E, n)
is the Grassmann bundle on E of n-dimensional subspaces of TE. The advantage of
using jets of submanifolds is that they provide a differential calculus on unparametrized
submanifolds, so that any object constructed on them, like connections, vector fields,
etc..., are independent of the Lie group Grn of r-jets of ‘reparametrizations’ [6, 8, 15, 19].
This makes jets of submanifolds natural geometrical objects for studying differential
properties of the geometry of submanifolds where the parametrization is not important
(like projective geometry of connections). Then, in our scheme, we do not need to
use principal bundles like frame bundles, as in [14], to develop an intrinsic theory of
projectively equivalent connections, obtained here in section 3.1 as the particular case
n = 1. Taking this into account, we are able to characterize the projective structure
on E associated with a torsion-free linear connection Γ on TE ✲ TE as a particular
distribution on the projectivized tangent bundle J1(E, 1) of E, or, equivalently, as a
particular section Γ¨ : J1(E, 1) ✲ J2(E, 1).
Our geometrical setting allows us to generalize in a natural manner our reasoning
to the case of n-dimensional submanifolds. In section 3.1 we introduce the notion of n-
Grassmannian equivalent connections associated with a torsione-free linear connection
as the equivalence class of connections admitting the same equation of unparametrized
n-dimensional totally geodesic submanifolds. We find a distinguished representative Γ¨
of such a class as a section Γ¨ : J1(E, n) ✲ J2(E, n), or equivalently as a particular
distribution on the Grassmann bundle J1(E, n), that we call an n-Grassmannian struc-
ture, recovering for n = 1 the case of projectively equivalent connections. We show
that the image of Γ¨ coincides with the equation S of unparametrized totally geodesic
submanifolds, so that we treat the Grassmannian structure, the class of Grassmannian
equivalent connections and the equation of unparametrized totally geodesic submani-
folds practically as the same object. In this way we obtain a more simple description
of this geometry than that given in [5], where the author generalizes definitions and
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results of [14] to the Grassmannian case by straightforward computations with the
same approach therein. Also, taking into consideration the particular structure of S,
we calculate the n-Grassmannian invariants, that is quantities which do not change for
n-Grassmannian equivalent connections, and we see as in the case n = 1 such invariants
reduce to those introduced by Thomas.
We construct the map Γ¨ through a connection Γ˙ on J1(E, n) which we prove is
naturally associated with Γ. We take inspiration from [12], where such a construction
is performed in the case of jets of time-like curves of an oriented manifold. Our result is
much more general, as we construct Γ˙ in the case of n-dimensional submanifolds which
are not required to be oriented. Moreover, in section 5, we find another way to get such
a connection.
In section 3.2 we define the equation SprM of parametrized totally geodesic subman-
ifolds as a submanifold of J2prM where prM : M × E ✲ M , and M is the space of
‘parameters’. Following the reasoning of section 3.1, we define a connection Γ˙prM on
J1prM ✲ M ×E and an operator Γ¨prM .
In section 4, we discuss symmetries of both the equations S and SprM . We see that
the most general infinitesimal symmetry of the equation S is a vector field on J1(E, n)
which preserves the n-Grassmannian structure Γ¨, that we call a contact Grassmannian
symmetry. If we restrict our attention to the case n = 1, we realize that this point of
view is more general that the point of view of standard projective symmetries studied
in literature (see [1, 2] and references therein), where just vector fields on E have been
considered.
In the case n = 1, in [1] the author find, starting from the equation of “parametrized”
geodesics, the equation of unparametrized geodesics by a straightforward substitution.
In section 5, we prove that such a substitution is a local description of a natural geomet-
rical property of the equation of unparametrized totally geodesic submanifolds which
is that of possessing a covering equation, in the sense of [3, 16, 17, 18]. More precisely,
we find a natural surjection from SprM to S which we prove preserves the differential
structures of the equations. Also, we show that we can obtain the connection Γ˙ as the
quotient connection of Γ˙prM via this covering map. Finally, in section 6 we prove that in
the case M = Rn this covering can be obtained by factoring the equation SprRn by the
affine group of Rn, which turns to be a subgroup of the group of symmetries of SprRn .
2 Geometry of Differential Equations on Submani-
folds
In this sections we recall basic notions of the theory of jets of submanifolds, differential
equations and their symmetries. Our main sources are [3, 16, 20, 21, 22, 23, 25, 26, 31,
32, 33, 34].
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2.1 Jet Spaces
Let E be an (n+m)-dimensional smooth manifold and L an n-dimensional embedded
submanifold of E. Let (uA) be a local chart on E. The chart (uA) can be divided in two
parts, (uA) = (uλ, ui), λ = 1 . . . n and i = n+ 1 . . .m+ n, such that the submanifold L
is locally described by ui = f i(u1, u2, . . . , un).
The chart (uλ, ui) is said to be a divided chart which is concordant to L. Here, and
in the rest of the paper, Greek indices run from 1 to n, Latin indices run from n+1 to
m+ n, and capital letters from 1 to m+ n. Otherwise we shall specify them. Also, all
submanifolds are embedded submanifolds.
Let L′ be another n-dimensional submanifolds locally described ui = f ′i(u1, u2, . . . , un).
We say that L and L′ have a contact of order r at p if f and f ′ have a contact of order
r at p. Locally this means that the Taylor expansion of (f − f ′) around p vanishes up
to order r. This property is invariant by coordinate transformations.
The above relation is an equivalence relation; an equivalence class is denoted by [L]rp.
The set of such classes is said to be the r-jet of n-dimensional submanifolds of E and
it is denoted by Jr(E, n).
The set Jr(E, n) has a natural manifold structure. Namely, let σ = (σ1, σ2, . . . , σk),
with 1 ≤ σi ≤ n and r ∈ N, be a multi-index, and |σ|
def
= k. Any divided chart (uλ, ui)
at p ∈ E induces the local chart
(
uλ, ui
σ
)
at [L]rp ∈ J
r(E, n), where |σ| ≤ r and the
functions uj
σ
are determined by ui
σ
◦ jrL = ∂
|σ|f i
/
∂uσ.
We note that J0(E, n) = E. Also, [L]1p can be identified with the tangent space TpL.
So J1p (E, n) is the Grassmannian of n-dimensional subspaces of TpE, and J
1(E, n) is
the Grassmann bundle on E of n-dimensional subspaces of TE.
We have the following natural maps:
1. the embedding jrL : L ✲ J
r(E, n), p ✲ [L]rp ,
2. the projection πk,h : J
k(E, n) ✲ Jh(E, n), [L]kp
✲ [L]hp k ≥ h.
We denote by L(r) the image of jrL. We call the tangent plane T[L]rpL
(r) an R-plane.
We denote by χ(Jr(E, n)) the module of vector fields on Jr(E, n).
In the rest of the paper we shall put θr = [L]
r
p.
The Cartan plane Crθr on J
r(E, n) at θr is defined as the span of the planes TθrL
(r)
with L running over all n-dimensional submanifolds ofE. The correspondence θr ✲ C
r
θr
is called the Cartan distribution. We denote by Cr(D) the set of vector fields lying in
the Cartan distribution of Jr(E, n). It is easy to realize that to each point θr+1 there
corresponds the R-plane Rθr+1 = TθrL
(r), and that
(3) Crθr = Rθr+1 ⊕ ker Tθrπr,r−1.
This direct sum is not canonical as we have many R-planes passing through a point θr.
A diffeomorphism of Jr(E, n) which preserves the Cartan distribution is called a contact
transformation. Analogously we can define contact fields on Jr(E, n). We denote by
DCr the set of such fields.
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A differential equation E of order r on n-dimensional submanifolds of a manifold E
is a closed submanifold of Jr(E, n). A solution is a n-dimensional submanifold L of E
such that L(r) ⊂ E .
Let η : F ✲ J1(E, n) be a vector bundle and let ηr = π
∗
r,1(η) be the pull-back
bundle of η through the map π∗r,1. A differential equation E ⊂ J
r(E, n) can be described
by φ = 0 where φ ∈ Γ(ηr). We can associate with φ the following operation:
(4) φ : L ✲ (η
∗(πr,1) ◦ φ ◦ jrL) ∈ Γ(η|L), L ⊂ E ,
that we call a non-linear differential operator following the terminology of [34]. Con-
versely, any map  : L ✲ (L) ∈ Γ(η|L) such that (L)(p) = (L˜)(p) whenever
[L]rp = [L˜]
r
p, induces the following section:
(5) φ : J
r(E, n) ✲ ηr , [L]
r
p
✲
(
[L]rp , (L)(p)
)
The correspondence φ ✲ φ is bijective.
If ̺ : F ✲ M is a bundle, the r-jet bundle Jr̺ is defined as the r-jet of subman-
ifolds which are the image of local sections of ̺. In the rest of the paper M will be
an n-dimensional manifold. If (xλ) is a chart on M , and uA fibred coordinates on F ,
then we denote by (xλ, uAxσ ) a chart on J
r̺, where the subscript xσ is put to distinguish
derivative coordinates of a jet bundle from those of a jet of submanifolds. Roughly
speaking, we can interpret the manifold M as the space of parameters. We can repro-
duce all constructions and definitions related to jet of submanifolds in the case of jet
bundle, then we omit them.
Now we recall [20, 21, 22, 25] the construction of certain bundles which play a key
role in the rest of the paper. Let r ≥ 0.
Let us consider the following bundles over Jr+1(E, n): the pull-back bundle
T r+1,r = π∗r+1,r(TJ
r(E, n))
of TJr(E, n) through the map πr+1,r, the sub-bundle
Hr+1,r = {(θr+1, v) / θr+1 ∈ J
r+1(E, n) , v ∈ Rθr+1}
of T r+1,r, and the quotient bundle
V r+1,r = T r+1,r
/
Hr+1,r.
Of course, we have the following exact sequence:
(6) 0 ✲ Hr+1,r ⊂
Dr+1✲ T r+1,r ✲ V r+1,r ✲ 0 ,
where Dr+1 is the natural inclusion.
Remark 1. We can interpret Dr+1 as an inclusion Jr+1(E, n) →֒ Hr+1,r∗⊗Jr+1(E,n)T
r+1,r.
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Also, let us introduce the exact sequence of bundles:
(7) 0 ✲ Hr+1,0 ⊂ ✲ T r+1,0
ωr+1✲ V r+1,0 ✲ 0
where Hr+1,0 = π∗r+1,1(H
1,0), T r+1,0 = π∗r+1,1(T
1,0) and V r+1,0 = π∗r+1,1(V
1,0) and ωr+1
is the natural quotient projection.
Clearly, Hr+1,0 ≃ Hr+1,r.
Local bases of C∞(Jr+1(E, n))-modules of local sections of Hr+1,r, Hr+1,r ∗, V r+1,0
and V r+1,0 ∗ are respectively:
Dr+1,rλ =
∂
∂uλ
+ uj
σ,λ
∂
∂ujσ
,
[
duλ
]
= Dr+1,r∗ ◦ (π∗r+1,r(du
λ)),
[∂uj ] = ω
r+1 ◦ ∂uj ◦ πr+1,0 , ω
j = duj − ujλdu
λ ,
where |σ| ≤ r, and the pair σ, λ stands for (σ1, . . . , σk, λ).
In the rest of the paper we denote
[
duλ
]
and [∂uj ] respectively by du
λ and ∂uj .
Remark 2. In the case that E is endowed with a bundle structure ̺ : E ✲ M , we have
that Hr+1,r ≃ ̺∗r+1(TM) and V
r+1,r ≃ π∗r+1,r(ker T̺r), where ̺k = ̺ ◦ ̺1,0 ◦ · · · ◦ ̺k,k−1.
2.2 Symmetries of Differential Equations
A classical external symmetry of the equation E ⊂ Jr(E, n) is a contact transformation
of Jr(E, n) which preserves E . A classical internal symmetry of the equation E ⊂
Jr(E, n) is a diffeomorphism of E which preserves the induced Cartan distribution
C(E) = Cr ∩ TE on E . Analogously we have an infinitesimal version of the previous
definitions. We would like to stress the we can speak about classical symmetries even if
that equation has no solutions. Classical symmetries send solutions into solutions when
these exist.
The 1-prolongation E1 of an equation E ⊂ Jr(E, n) is the set
E1 = {θr+1 ∈ J
r+1(E, n) | θr ∈ E , Rθr+1 ⊂ TθrE}.
By iteration we can define the l-prolongation E l. We denote by θ
(l)
r the l-prolongation of
the point θr ∈ E . The equation E is said to be formally integrable if all the prolongations
E l are smooth manifolds and the maps πr+l+1,r+l|El+1 are fibre bundles.
In the rest of the section we deal just with equations which are formally integrable.
A covering is a pair (E˜ , τ), where E˜ is a manifold provided with an n-dimensional
integrable distribution C˜ and τ : E˜ ✲ E∞ is a surjection such that for any point θ˜ ∈ E˜
the tangent map Tθ˜τ maps isomorphically Cθ˜(E˜
∞) to the Cartan plane Cτ(θ˜)(E
∞). If
E˜ = E ′∞ for some equation E ′ then the covering is called a covering equation.
A vector field which belongs to C∞(D) is called trivial as it is tangent to all the in-
tegral manifolds of C∞. For this reason we call the quotient algebra Sym def=DC∞/C
∞(D)
the algebra of non-trivial symmetries of the distribution C∞.
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An element X of DC∞ is an infinitesimal higher external symmetry of the equation
E if X is tangent to E∞, and the equivalence class [X ] of Sym is called a non-trivial
infinitesimal higher external symmetry of E . The set of such classes is denoted by
Symext(E).
Now, let us restrict our attention to E∞. An infinitesimal higher internal sym-
metry of the equation E is a symmetry of C(E∞). The set of such symmetries is de-
noted by DC(E
∞). We denote by CD(E∞) the ideal of vector fields on E∞ tangent to
C(E∞), and we call trivial symmetries such fields. We denote by Symint(E) the algebra
DC(E
∞)
/
CD(E∞) of non-trivial infinitesimal higher internal symmetries of the equation
E .
The restriction map Symext(E) ✲ Symint(E) is surjective. Despite this fact, the
set of classical external symmetries does not project on the set of classical internal
symmetries (see [3] for a general reference and theorem 5 for a concrete example).
3 Grassmannian Equivalent Connections
In this section we construct a connection Γ˙ on π1,0 starting from a torsion-free lin-
ear connection Γ on the tangent bundle TE ✲ E. By using Γ˙ we find a section
Γ¨ : J1(E, n) ✲ J2(E, n) whose image coincides with the equation of totally geodesic
submanifolds. We call such a map the n-Grassmannian structure associated with Γ, as
it turns out to be a distinguished representative of the equivalence class of connections
admitting the same equation of unparametrized totally geodesic submanifolds. Then
two connections will be n-Grassmannian equivalent if and only if they induce the same
n-Grassmannian structure. As by-product, we recover in the case n = 1 the geometry
of projectively equivalent connections and projective structures. Finally we introduce
the equation of parametrized totally geodesic submanifolds as a submanifold of J2prM
where prM : M × E ✲ M . Analogously to the unparametrized case, we construct a
connection Γ˙prM on prM 1,0 and an operator Γ¨prM . We shall investigate in section 5 the
relations between all the structures constructed here.
Below, we fix some notations.
Let ρ : F ✲ N be a bundle. A connection Γ on ρ is a section of the bundle
ρ1,0. It can be equivalently seen as tangent valued form and as a vertical valued form,
respectively
Γ: F ✲ ρ∗(T ∗N)⊗F TF , υΓ : F ✲ T
∗F ⊗F V F ,
where υΓ = idTF −Γ ◦ Tρ.
Let (u1, u2 . . . , us) be a chart on N and (u1, u2 . . . , us, η1, . . . , ηl) a chart on F . We
have the local expressions
(8) Γ = dui ⊗ (∂ui − Γi
k ∂ηk) , υΓ = (dη
k + Γi
k dui)⊗ ∂ηk , Γi
k ∈ C∞(F ).
If ρ is a vector bundle, we can characterize the vertical projection as a map υΓ : TF ✲ F
[13, 15, 27]. Locally
υΓ =
(
dηk + Γi
k
j η
j dui
)
⊗ pk , Γi
k
j ∈ C
∞(N)
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where {pk} is a local basis of F .
The covariant derivative ∇[Γ]X of Γ with respect to a vector field X on N acts on
a section s of F by ∇[Γ]X(s) = υΓ ◦ Ts ◦X .
For any map f : P ✲ N , we denote by f ∗(Γ) the pull-back connection on the
pull-back bundle f ∗(ρ).
3.1 Totally Geodesic Submanifolds in the Jet of Submanifolds
From now on, we mean by Γ a torsion-free linear connection on the tangent bundle
TE ✲ E. We denote by ⊙ the symmetric product. Let us introduce the operator
(9) II : J2(E, n) ✲ H2,0 ∗ ⊙
J2(E,n)
H2,0 ∗ ⊗
J2(E,n)
V 2,0
defined by:
(10) II (X, Y, ω) = ω
(
∇
[
π∗2,0(Γ)
]
X˜
(Y )
)
where X˜ is a Cartan field on J2(E, n) projecting on X (see (3)). The previous definition
is well posed as the vertical part of X˜ gives no contribution. We call II the universal
second fundamental form associated with Γ. The name is justified by the fact that the
restriction of II on a n-dimensional submanifold L of E is the second fundamental form
on L. Then, taking into consideration (4) and (5), we give the following
Definition 1. The equation S of unparametrized totally geodesic submanifolds is the
submanifold of J2(E, n) given by II = 0.
Locally, such a submanifold is described by
(11) ukλξ + Γλ
k
ξ + Γλ
k
i u
i
ξ + Γj
k
ξ u
j
λ + Γj
k
i u
j
λu
i
ξ
− ukβ
(
Γλ
β
ξ + Γλ
β
i u
i
ξ + Γj
β
ξ u
j
λ + Γj
β
i u
j
λu
i
ξ
)
= 0.
We could define the operator (9) by using the infinite jet of submanifolds J∞(E, n).
More precisely we could consider the connection π∗∞,0(Γ), then define (10) simply by
restriction on the pseudo-horizontal bundle, as the pseudo-horizontal bundle associated
with J∞(E, n) is a sub-bundle of TJ∞(E, n) and realize that the operator that we
obtain is a second order differential operator by a direct calculation.
Let us note that equation (11) coincides, in the case n = 1, with the equation of
unparametrized geodesics [1, 20, 21].
Also, (11) can be solved with respect to second derivatives. This suggests to think
of this equation as the image of some section of π2,1. Below we propose an intrinsic way
to construct such a section.
Lemma 1. ker Tπ1,0 ≃ H
1,0 ∗ ⊗J1(E,n) V
1,0.
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Proof. Let vθ1 ∈ ker Tθ1π1,0. Let us consider a curve γ(t) in the fibre π
−1
1,0(π1,0(θ1)) such
that γ(0) = θ1 and γ˙(0) = vθ1 . Taking into account remark 1, the above isomorphism
is realized by the map vθ1 ✲
d
dt
∣∣
0
D1(γ(t)). In coordinates
D1(γ(t)) = duλ ⊗
(
∂uλ + u
j
λ(t)∂uj
)
,
then
d
dt
∣∣∣∣
0
D1(γ(t)) = u˙jλ(0)
(
duλ ⊗ ∂uj
)
.
Theorem 1. With the connection Γ it is naturally associated a connection Γ˙ on π1,0.
Proof. By previous lemma, the connection Γ˙ can be characterized as the projection
υΓ˙ : TJ
1(E, n) ✲ H1,0 ∗ ⊗
J1(E,n)
V 1,0.
This projection is defined by the following commutative diagram:
TJ1(E, n)
υΓ˙ ✲ H1,0 ∗ ⊗
J1(E,n)
V 1,0
T
(
H1,0 ∗ ⊗
J1(E,n)
T 1,0
)TD
1
❄
υΩ✲ H1,0 ∗ ⊗
J1(E,n)
T 1,0
id
H1,0 ∗
⊗ω1
✻
where Ω = Ξ⊗π∗1,0(Γ) and Ξ is a linear connection on the bundle H
1,0 ∗. Let (uλ, uj, ηλ)
be a chart on H1,0 ∗ associated with duλ. Then:
υΞ =
(
dηξ + ΞAξ
λ ηλ du
A + Ξαh ξ
λ ηλ du
h
α
)
⊗ duξ.
We continue to denote by Γ the connection π∗1,0(Γ). We shall see that the map
on the top row of the above diagram gives a connection on J1(E, n) ✲ E which is
independent of the connection Ξ.
Let (uλ, uj, ujλ, η
A
λ ) be the local chart on H
1,0 ∗⊗J1(E,n) T
1,0 associated with the basis
{duλ ⊗ ∂uA}. We have that
TD1 = duA ⊗ ∂uA + du
j
λ ⊗
(
∂
u
j
λ
+ ∂
η
j
λ
)
and
υΩ =
(
dηCξ + ΩA
C
ξ
λ
B η
B
λ + Ω
α
h
C
ξ
λ
B du
h
α
)
⊗ duξ ⊗ ∂uC
with
(12) ΩA
C
ξ
λ
B = δ
C
B ΞAξ
λ + δλξΓA
C
B , Ω
α
h
C
ξ
λ
B = δ
C
B Ξ
α
hξ
λ + δλξ Γ
α
h
C
B = δ
C
B Ξ
α
hξ
λ.
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Then
υΩ ◦ TD
1 =
(
ΩA
C
ξ
λ
λ du
A + ΩA
C
ξ
λ
i u
i
λ du
A +
+ δCh δ
α
ξ du
h
α + Ω
α
h
C
ξ
λ
λ du
h
α + Ω
α
h
C
ξ
λ
i u
i
λ du
h
α
)
⊗ duξ ⊗ ∂uC .
Now it remains to project the previous expression on H1,0 ∗ ⊗ V 1,0. We obtain
υΓ˙ =
((
ΩA
k
ξ
λ
λ + ΩA
k
ξ
λ
i u
i
λ − u
k
β
(
ΩA
β
ξ
λ
λ + ΩA
β
ξ
λ
i u
i
λ
))
duA+
+
(
δkhδ
α
ξ + Ω
α
h
k
ξ
λ
λ + Ω
α
h
k
ξ
λ
i u
i
λ − u
k
β
(
δβhδ
α
ξ + Ω
α
h
β
ξ
λ
λ + Ω
α
h
β
ξ
λ
i u
i
λ
))
duhα
)
⊗ duξ ⊗ ∂uk .
In view of (12), υΓ˙ does not depend on Ξ. In fact, on one hand we have
ΩA
k
ξ
λ
λ + ΩA
k
ξ
λ
i u
i
λ − u
k
β
(
ΩA
β
ξ
λ
λ + ΩA
β
ξ
λ
i u
i
λ
)
= ΓA
k
ξ + ΓA
k
i u
i
ξ − u
k
β(ΓA
β
ξ + ΓA
β
i u
i
ξ).
On the other hand we have
δkhδ
α
ξ + Ω
α
h
k
ξ
λ
λ + Ω
α
h
k
ξ
λ
i u
i
λ − u
k
β
(
δβhδ
α
ξ + Ω
α
h
β
ξ
λ
λ + Ω
α
h
β
ξ
λ
i u
i
λ
)
= δkhδ
α
ξ .
Taking into consideration that the connection Γ˙ is characterized by
(13) υΓ˙ =
(
dukξ + Γ˙A
k
ξ du
A
)
⊗ duξ ⊗ ∂uk ,
the theorem follows by putting
Γ˙A
k
ξ = ΓA
k
ξ + ΓA
k
i u
i
ξ − u
k
β(ΓA
β
ξ + ΓA
β
i u
i
ξ).
Corollary 1. The correspondence Γ ✲ Γ˙ is injective.
Proof. It is a matter of computation, taking into consideration that Γ˙A
k
ξ are polyno-
mials of second order degree in the first derivatives.
Theorem 2. With any connection Γ˙ on π1,0 it is naturally associated a section Γ¨ of
π2,1.
Proof. Taking into account remark 1, we can characterize a section Γ¨ of π2,1 as the
unique section of π2,1 such that D
2 ◦ Γ¨ = D1y Γ˙.
The local expression of D2 ◦ Γ¨ is given by
(14) D2 ◦ Γ¨ = duλ ⊗
(
∂uλ + u
j
λ∂j −
(
Γ˙λ
k
ξ + u
j
λ Γ˙j
k
ξ
)
∂uk
ξ
)
.
Proposition 1. The image of Γ¨ coincides with the equation of totally geodesic sub-
manifolds (11).
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Proof. It is sufficient to take into consideration expressions (11) and (14).
Remark 3. Of course, we can interpret D2◦Γ¨ as a distinguished distribution on J1(E, n).
More precisely D2(Γ¨(θ1)) ≡ RΓ¨(θ1), where RΓ¨(θ1) is the R-plane associated with the point
Γ¨(θ1). From now on we shall denote by R ◦ Γ¨ such a distribution.
Remark 4. The papers [9, 11] are devoted to the formulation of Galilean relativistic
mechanics based on jet spaces and cosymplectic forms. Further developments of this
theory are present [12], where the theory is extended to Einstein relativistic mechanics.
In [24] variational aspects are studied. Theorem 1 is inspired by [12], but the results
obtained here are much more general. In fact in [12] Γ˙ and Γ¨ have been constructed in
the case of jets of time-like curves of an oriented manifold. Because of orientation, the
pseudo-horizontal bundle turns out to be trivial, and a connection on it with vanishing
Christoffel symbols always exists. Here we construct the connection Γ˙ in the case of
n-dimensional submanifolds without requiring any orientation, and we prove that Γ˙ is
independent of the connection Ξ on H1,0 ∗. This gives a natural character to Γ˙. Also,
from a physical viewpoint, taking into consideration Γ¨, we obtain as by-product, in the
case n = 1 and for time-like curves, the equation of motion of one relativistic particle
[12, 24].
Definition 2. We say that two torsion-free linear connections on TE ✲ E are
n-Grassmannian equivalent if they have the same equation of n-dimensional totally
geodesic submanifolds.
We note that in the case n = 1 the distribution R ◦ Γ¨ is integrable and the above
definition coincides with that of projectively equivalent connections.
Our reasoning leads naturally to the following
Theorem 3. Two torsion-free linear connections Γ and Γ′ are n-Grassmannian equiv-
alent if and only if Γ¨ = Γ¨′.
Proposition 2. The following quantities
(15) Γλ
k
ξ , δ
β
ξ Γλ
k
i + δ
β
λ Γi
k
ξ − δ
k
i Γλ
β
ξ , δ
α
λ δ
β
ξ Γj
k
i − δ
α
ξ δ
k
i Γλ
β
j − δ
α
λ δ
k
i Γj
β
ξ , Γj
β
i
are n-Grassmannian invariants, that is they do not change for a connection which is
n-Grassmannian equivalent to Γ.
Proof. Equation (11) is a system of differential equations ujλξ + P
j
λξ = 0 where P
j
λξ are
polynomials of third order in the first derivatives. Quantities (15) are respectively the
coefficients of order 0, 1, 2, and 3 of such a system.
Corollary 2. Two torsion-free linear connections Γ and Γ′ are n-Grassmannian equiv-
alent if they have the same n-Grassmannian invariants. Locally they are related by:
Γλ
k
ξ = Γ
′
λ
k
ξ
δβξ
(
Γλ
k
i − Γ
′
λ
k
i
)
+ δβλ
(
Γi
k
ξ − Γ
′
i
k
ξ
)
= δki
(
Γλ
β
ξ − Γ
′
λ
β
ξ
)
2δβλδ
α
ξ
(
Γj
k
i − Γ
′
j
k
i
)
= δαξ δ
k
j
(
Γλ
β
i − Γ
′
λ
β
i
)
+ δkj δ
α
λ
(
Γi
β
ξ − Γ
′
i
β
ξ
)
+(16)
δαξ δ
k
i
(
Γλ
β
j − Γ
′
λ
β
j
)
+ δki δ
α
λ
(
Γj
β
ξ − Γ
′
j
β
ξ
)
Γj
β
i = Γ
′
j
β
i
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Proof. Straightforward.
Definition 3. We call Γ¨ the n-Grassmannian structure associated with the connection
Γ.
For n = 1 the definition of 1-Grassmannian structure can be interpreted as the
projective structure of E associated with the connection Γ. More precisely we have the
following
Proposition 3 ([1]). Let n = 1. Then quantities (15) can be expressed in terms of
projective invariants (2).
Remark 5. In [1] the author obtains the result of the above proposition by considerations
of local character. Here such result emerges naturally from our geometrical setting.
Also, the advantage of considering the projective structure as a particular distribution
on J1(E, 1) (see also remark 3) rather than a particular subbundle of the second frame
bundle of E is that of giving, for instance, a clear interpretation of the relationship
between projective and contact projective symmetries (see section 4).
As a natural consequence of our reasoning we have the following
Proposition 4. Let n = 1. Then equations (16) reduce to (1).
3.2 Totally Geodesic Submanifolds in the Jet of a Trivial Bun-
dle
Let M be an n-dimensional manifold. Let prM : M × E ✲ M be the projection
on the first factor and prE : M × E ✲ E the projection on the second factor. We
recall the projections prMr,r−1 : J
r prM ✲ J
r−1 prM and prMr : J
r prM ✲ M where
prMr = prM ◦ prM 1,0 ◦ · · · ◦ prMr,r−1. Let
(
xλ, uAxσ
)
be a chart on JrprM , |σ| ≤ r. A
parametrized n-dimensional submanifold is an immersion s : U ⊂M ✲ E. We notice
that we can interpret s as a local section of prM .
Definition 4. We denote by Imm JrprM the subset of J
rprM of the r-jets of immersions
of M into E.
We notice that Imm JrprM is an open dense submanifold of J
rprM .
Let Θ be a torsion-free linear connection on TM ✲ M . Then Γ⊕Θ is a connection
on TJ0prM ✲ J
0prM .
Now, taking into consideration that V 2,0 ≃ pr∗M2,0(pr
∗
E(TE)), and following the same
reasoning as section 3.1, we can define the following operator:
IIprM : Imm J
2prM −→ pr
∗
M 2(T
∗M) ⊙
J2prM
pr∗M 2(T
∗M) ⊗
J2prM
pr∗M 2,0(pr
∗
E(TE)).
Definition 5. The equation SprM of parametrized totally geodesic submanifolds is the
submanifold of Imm J2prM given by IIprM = 0.
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Locally, a parametrized totally geodesic submanifold is described by
(17) uCxξxλ + ΓA
C
B u
A
xξu
B
xλ −Θξ
η
λ u
C
xη = 0.
Proposition 5. With the pair (Γ,Θ) it is associated a connection Γ˙prM on prM 1,0 and
a section Γ¨prM of prM 2,1 whose image is the equation of parametrized totally geodesic
submanifolds.
Proof. We have that J1prM ≃ pr
∗
E(TE) ⊗ pr
∗
M(T
∗M) [15]. Then we can consider the
connection Γ˙prM = pr
∗
E(Γ)⊗ pr
∗
M(Θ
∗), where Θ∗ is the dual connection of Θ. The local
expression of Γ˙prM as tangent valued form is:
(18) Γ˙prM = dx
λ ⊗
(
∂xλ +Θλ
ξ
η u
A
xξ∂uAxη
)
+ duB ⊗
(
∂uB − ΓB
C
A u
A
xξ∂uC
xξ
)
Similarly to the reasoning adopted in the previous section, we can associate with
Γ˙prM a section Γ¨prM of prM 2,1. The image of such a section is described by (17).
Remark 6. If we consider the case M = R, then equation (17) is the equation of
(parametrized) geodesics. Also, the connection Θ is flat, and then we can find a system
of coordinates where the Christoffel symbol Θ0
0
0 vanishes. This change of coordinates
is equivalent to introduce an affine parameter.
4 Symmetries of the Equation of Totally Geodesic
Submanifolds
In this section we discuss the symmetries of both the equations S and SprM , by general-
izing results obtained in [21]. We see, in this case, how classical internal symmetries are
the most general symmetries. We recall that with Γ¨ we can associate the distribution
R ◦ Γ¨ (see remark 3). The same consideration holds true for Γ¨prM . We call S (resp.
SprM ) integrable if the distribution R ◦ Γ¨ (resp. R ◦ Γ¨prM ) is integrable. We note that
we can speak about symmetries of S (resp. SprM ) even if it has no solutions. They are
symmetries of the (non-integrable) distribution R ◦ Γ¨ (resp. R ◦ Γ¨prM ).
Theorem 4. Let S (resp. SprM ) be integrable. Then all the l-prolongations S
l (resp.
S lprM ) of S (resp. SprM ) are diffeomorphic to J
1(E, n) (resp. J1prM), and the induced
Cartan distribution C(S l) (resp. C(S lprM )) is isomorphic to R ◦ Γ¨ (resp. R ◦ Γ¨prM ).
Proof. We give the proof for the equation S. The same reasoning holds true for the
equation SprM .
Let θ1 ∈ J
1(E, n). For each point Γ¨(θ1) there exists only one R-plane which contains
such a point and which is contained in TΓ¨(θ1)S. In fact if we represent the point Γ¨(θ1)
as the pair (θ1, RΓ¨(θ1)), then such an R-plane is given by Tθ1Γ¨(RΓ¨(θ1)), and the existence
follows. On the other hand if two R-planes R and R˜ contain the same point Γ¨(θ1),
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then the difference between a vector v ∈ R and a vector v˜ ∈ R˜ belongs to the kernel
of TΓ¨(θ1)π2,1. Of course we have that TΓ¨(θ1)S ∩ ker TΓ¨(θ1)π2,1 = 0, and the uniqueness is
proved.
From this discussion we have that
CΓ¨(θ1)(S) = C
2
Γ¨(θ1)
∩ TΓ¨(θ1)S = Tθ1Γ¨(RΓ¨(θ1)) ≃ RΓ¨(θ1).
We notice that (Γ¨(θ1))
(1) is the point characterized by the pair (Γ¨(θ1), Tθ1Γ¨(RΓ¨(θ1))).
Also, we have
C(Γ¨(θ1))(1)(S
1) = Tθ1Γ¨
(1)(RΓ¨(θ1)) ≃ RΓ¨(θ1),
where Γ¨(1) : θ1 ✲ (Γ¨(θ1))
(1). By iterating the previous construction, we obtain that
the l-prolongation of the equation S is diffeomorphic to S, and so to J1(E, n), and that
every Cartan plane C(Γ¨(θ1))(l)(S
l) is isomorphic to RΓ¨(θ1).
The section Γ¨ splits canonically the Cartan distribution C1 of J1(E, n). Namely, for
each θ1 ∈ J
1(E, n) we have that C1θ1 = RΓ¨(θ1) ⊕ ker Tθ1π1,0 (see also remark 3). The
sequence
0 ✲ H ⊂ ✲ TJ1(E, n)
W✲ TJ1(E, n)/H ✲ 0 ,
where H = {(θ1, v) ∈ TJ
1(E, n) | v ∈ RΓ¨(θ1)} and W is the natural projection, is exact.
We note that H is nothing but the pull-back bundle of H2,1 through Γ¨.
The previous sequence induces the following sequence of modules of sections:
0 ✲ H ⊂ ✲ χ(J1(E, n))
W✲ V ✲ 0.
Similarly, we have the following exact sequence:
0 ✲ HprM
⊂ ✲ χ(J1prM)
WprM✲ VprM
✲ 0,
where HprM is the module of sections of the bundle HprM = {(θ˜1, v) ∈ TJ
1prM | v ∈
RΓ¨prM (θ˜1)
} and WprM is the natural projection.
Corollary 3. Let S (resp. SprM ) be integrable. Then the algebra of trivial internal
symmetries of S (resp. SprM ) is isomorphic to H (resp. HprM ). The algebra of higher
internal symmetries of S (resp. SprM ) is isomorphic to the algebra of classical internal
symmetries of S (resp. SprM ), and coincides with the algebra of vector fields on J
1(E, n)
(resp. J1prM) preserving the n-dimensional distribution R ◦ Γ¨ (resp. R ◦ Γ¨prM ). The
algebra of non-trivial higher internal symmetries of S (resp. SprM ) is the projection
through W (resp. WprM ) of the algebra of internal symmetries.
Proof. From Theorem 4 it follows that (S∞, C(S∞)) is isomorphic to (J1(E, n), R ◦ Γ¨).
The same holds true for SprM and the proposition is proved.
We would like to point out that even if S (resp. SprM ) is not integrable, the results
contained in the previous corollary still remain true. The only difference is that we can
not speak about trivial symmetries or higher symmetries in the sense of section 2. But
the characterization of classical internal symmetries is the same.
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Definition 6. The group of external point symmetries of S is called the group of
Grassmannian transformations of E. The group of internal symmetries of S is called
the group of contact Grassmannian transformations of E.
Remark 7. We would like to note that in the case that dimE = n + 1, in view of
Lie-Ba¨cklund theorem [3, 16, 31], there are external symmetries of S which come from
a contact transformation of J1(E, n) but not from a transformation of E.
Proposition 6. Let S be integrable. An n-Grassmannian transformation sends n-
dimensional totally geodesic submanifolds into n-dimensional totally geodesic submani-
folds.
Proof. It is sufficient to apply the definitions.
The following theorem generalizes a result contained in [20] and inspired by [3].
Theorem 5. The group of classical external symmetries of S (resp. SprM ) is a subgroup
of the internal ones.
Proof. We give the proof in the case of the equation S. The result in the case of the
equation SprM is attained by using a similar reasoning.
We recall that any transformation G : J2(E, n) ✲ J2(E, n) is a classical external
symmetry of S if G is a contact transformation and G(S) = S. Any such transformation
projects on a Lie transformation G(1) of J
1(E, n). Also, we have that (G(1))
(1) = G.
This means that G is a Lie transformation if and only if G(1) is a Lie transformation.
Moreover, the condition that G preserves S is equivalent to require that G(1) preserves
R ◦ Γ¨. Then we can identify any external symmetry with a diffeomorphism on J1(E, n)
which preserves both the Cartan distribution on J1(E, n) and the distribution R◦Γ¨.
Remark 8. In the case n = 1 the distribution R ◦ Γ¨ (resp. R ◦ Γ¨prM ) is of course
integrable. In this case, the infinitesimal point external symmetries of S coincide with
the projective fields on E, which have been largely studied in literature (see [1, 2] and
the references therein). The previous theorem says that projective symmetries form a
sub-class of contact projective symmetries. Studying such symmetries is interesting, for
instance, in general relativistic mechanics. In fact in [24] the scheme of one relativistic
particle is constructed in the framework of jets of submanifolds.
5 Covering of the Equation of Totally Geodesic Sub-
manifolds
Definition 7. The r-prolongation pr
(r)
E : Imm J
rprM ✲ J
r(E, n) of the trivial pro-
jection prE ≡ pr
(0)
E : M × E
✲ E is defined by pr
(r)
E ([s]
r
x) = [prE(im s)]
r
prE(s(x))
,
x ∈ M .
Roughly speaking the projection pr
(r)
E sends jets of a parametrized submanifold in
jets of the same submanifold regarded as an unparametrized submanifold.
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Lemma 2.
pr
(r)
E (θ˜r) ≡ pr
(r)
E (θ˜r−1, Rθ˜r) =
(
pr
(r−1)
E (θ˜r−1), Tθ˜r−1 pr
(r−1)
E (Rθ˜r)
)
(19)
≡
(
pr
(r−1)
E (θ˜r−1), Rpr(r)E (θ˜r)
)
.
Proof. It is a straightforward computation.
We have the following commutative diagram:
(20)
. . .
prMr+1,r✲ Imm JrprM
prMr,r−1✲ . . .
prM 2,1✲ Imm J1prM
prM 1,0✲ M ×E
. . .
pir+1,r ✲ Jr(E, n)
pr
(r)
E
❄
pir,r−1 ✲ . . .
pi2,1 ✲ J1(E, n)
pr
(1)
E
❄
pi1,0 ✲ E
prE
❄
Remark 9. In [15] the space Jr(E, n) is constructed starting from Imm JrprM by means
of the action of the differential group Grn. The previous diagram is an alternative way
to get Jr(E, n) from Imm JrprM by using a generic manifold M as space of parameters
rather than Rn.
Proposition 7. The following diagram
Imm J2prM
pr
(2)
E✲ J2(E, n)
Imm J1prM
Γ¨prM
✻
pr
(1)
E✲ J1(E, n)
Γ¨
✻
is commutative.
Proof. We calculate the expression of pr
(2)
E in a chart where the determinant of the
Jacobian matrix
(
uξ
xλ
)
is not zero. We have that
pr
(2)
E (x
λ, uξ, uj, uξ
xλ
, uj
xλ
, uξ
xλxη
, uj
xλxη
) =(
uξ, uj, xλuξu
j
xλ
, uj
xλxµ
xλuξx
µ
uη − u
j
xλ
xλuαu
α
xβxγx
γ
uξ
xβuη
)
,
where
(
xλ
uξ
)
is the inverse matrix of
(
uξ
xλ
)
. Then if we take into consideration diagram
(20) and the local expressions of Γ¨prM and Γ¨, the proposition follows.
Theorem 6. The equation SprM covers the equation S, with pr
(1)
E as covering map.
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Proof. It is sufficient to check that the first prolongation pr
(1)
E sends the distribution
R ◦ Γ¨prM into the distribution R ◦ Γ¨. In fact, in view of proposition 7 and of (19), we
have that
R
Γ¨(pr
(1)
E (θ˜1))
= R
pr
(2)
E Γ¨prM (θ˜1)
= Tθ˜1 pr
(1)
E
(
RΓ¨prM (θ˜1)
)
.
If R◦ Γ¨ and R◦ Γ¨prM are integrable distributions, in view of theorem 4, we have that
the previous covering satisfies the definition given in section 2. In particular, if n = 1
we find the results of [20, 21].
Theorem 7. The connection Γ˙ is the quotient connection of Γ˙prM via pr
(1)
E . More
precisely the following diagram
TJ1prM
υΓ˙prM✲ ker TprM 1,0
TJ1(E, n)
T pr
(1)
E
❄
υΓ˙✲ ker Tπ1,0
T pr
(1)
E
❄
is commutative.
Proof. The local expression of T pr
(1)
E is
T pr
(1)
E = du
A ⊗ ∂uA − x
β
uξ
xλuαu
j
xβ
duξ
xλ
⊗ ∂
u
j
α
+ xλuαdu
i
xλ ⊗ ∂uiα .
The proposition follows in view of (8), (13) and (18).
6 Example: The case M=Rn
Now we analyze the case in which the space of parameters M is equal to Rn.
The equation SprRn admits always an n
2 + n dimensional Lie group of symmetries.
More precisely we have the following
Proposition 8. The affine group Aff(Rn) of Rn is a Lie subgroup of the Lie group of
external symmetries of SprRn .
Proof. The affine group Aff(Rn) induces a Lie group action on Jrpr
Rn
. Namely, for any
g ∈ Aff(Rn) we can define the following map:
g × id : Rn × E ✲ Rn × E , (x, p) ✲ (g(x), p).
Then we can lift it to a Lie transformation (g× id)(r) of Jrpr
Rn . If g is given locally by
x˜λ = aλξx
ξ + bλ with aλξ , b
λ ∈ R, we have the following expression:
(21) (g × id)(2)(xλ, uA, uAxλ, u
A
xλxβ) =
(
aλξx
ξ + bλ, uA, uAxξx
ξ
x˜λ
, uAxαxξx
α
x˜λx
ξ
x˜β
)
.
Now it is a straightforward computation to realize that (g×id)(2) preserves the equation
SprRn , and then it is a symmetry.
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Let us note that in the case n = 1 we recover the affine parametrization of the
geodesic equation.
Proposition 9. Imm J1pr
Rn
/
Aff(Rn) ≃ J1(E, n).
Proof. Let us denote by {[s]1x} the orbit of [s]
1
x with respect to the action of Aff(R
n).
Then it follows from expression (21) that the map
{[s]1x} ∈ Imm J
1pr
Rn
/
Aff(Rn) ✲ pr
(1)
E ([s]
1
x) ∈ J
1(E, n)
is well defined and bijective.
Finally we have the following
Theorem 8. The equation S is obtained by factoring the equation SprRn by the subgroup
Aff(Rn) of the group of external symmetries of SprRn .
Proof. It is sufficient to consider the results of this section and theorem 6.
7 Perspectives
Our next target is to introduce the Weyl projective tensor by using the approach of
this paper, and generalize to the Grassmannian case. Also, we could apply our re-
sults to problems arising from physics. For instance, we could find contact projective
symmetries, of special form, of the equation of motion of one relativistic particle.
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